An axis parallel d-dimensional box is the cartesian product R 1 × R 2 × · · · × R d where each R i is a closed interval on the real line. The boxicity of a graph G, denoted as box(G), is the minimum integer d such that G can be represented as the intersection graph of a collection of d-dimensional boxes: that is two vertices are adjacent if and only if their corresponding boxes intersect. Permutation graphs form a well-known subclass of perfect graphs. A permutation graph is a graph that can be represented as the intersection graph of a family of line segments that connect two parallel lines in the Euclidean plane. Let G be a permutation graph with chromatic number χ(G) and maximum clique size ω(G). We will show that box(G) ≤ χ(G) = ω(G) and this bound is tight.
Introduction
Let F be a family of non-empty sets. An undirected graph G is the intersection graph of F if there exists a one-one correspondence between the vertices of G and the sets in F such that two vertices in G are adjacent if and only if the corresponding sets have non-empty intersection. If F is a family of intervals on the real line, then G is called an interval graph.
A k-dimensional box or k-box is the cartesian product R 1 × R 2 × · · · × R k , where each R i is a closed interval on the real line. The boxicity of a graph G is defined to be the minimum integer k such that G is the intersection graph of a collection of k-boxes. Since 1-boxes are nothing but closed intervals on the real line, interval graphs are the graphs having boxicity 1.
The concept of boxicity was introduced by F. S. Roberts [5] in 1969. Boxicity finds applications in fields such as ecology and operations research: It is used as a measure of the complexity of ecological [10] and social [8] networks and has applications in fleet maintenance [9] . Boxicity has been investigated for various classes of graphs [3] [11] [12] and has been related with other parameters such as treewidth [13] and vertex cover [14] . Computing the boxicity of a graph was shown to be NP-hard by Cozzens [7] . This was later strengthened by Yannakakis [4] , and finally by Kratochvil [6] who showed that deciding whether boxicity of a graph is at most two itself is NP-complete. Recently Chandran et al [15] showed that for any graph G, box(G) ≤ χ(G 2 ) where G 2 is the square of graph G and χ(G) is the chromatic number of the graph. From this they inferred that box(G) ≤ 2∆ 2 , where ∆ is the maximum degree of G. Very recently this result was improved by Esperet [16] , who showed that box(G) ≤ ∆ 2 + 2. In [17] Chandran et al have shown that box(G) ≤ ⌈(∆ + 2) log n⌉ where n is the number of vertices in G.
Permutation Graphs:
Let Π be a permutation of the numbers 1, 2, . . . , n. Then the graph G[Π] = (V, E) is defined as follows: V = {1, 2, . . . , n} and (i, j) ∈ E ⇔ (i − j)(Π −1 (i) − Π −1 (j)) < 0, i.e. i and j occurs in the permutation in the reverse order. An undirected graph G on n vertices is called a permutation graph if there exists a permutation Π of the numbers 1, 2, . . . , n such that
From the above definition it is easy to see that permutation graph is the intersection graph of a family of line segments that connect two parallel lines in the Euclidean plane. It is well known that permutation graphs are a subclass of perfect graphs. It is also a proper subclass of co-comparability graphs, comparability graphs and AT free graphs. An undirected graph G is a permutation graph if and only if G and G are comparability graphs. Permutation graphs are also a subclass of circle graphs (A circle graph is a graph whose vertices can be associated with chords of a circle such that two vertices are adjacent if and only if the corresponding chords in the circle intersect). Permutation graph is a circle graph that admits an equator, i.e. an additional chord that intersects every other chord. See Golumbic [1] for a brief introduction and references on permutation graphs.
Remark on previous approach to boxicity of permutation graphs: In [13] it has been shown that for any graph G, box(G) ≤ treewidth(G) + 2. It has been shown in [13] that if G is a co-comparability graph then treewidth(G) ≤ 2∆ − 1 and hence box(G) ≤ 2∆ + 1. Since permutation graphs form a proper subclass of cocomparability graphs we can immediately infer that if G is a permutation graph then box(G) ≤ 2∆ + 1. But the result shown in this paper is much stronger.
Our results
Let G be a permutation graph having n vertices and maximum clique size ω(G). Since permutation graphs are proper subclass of perfect graphs G is also a perfect graph. Therefore chromatic number of G namely χ(G) is same as maximum clique size i.e. χ(G) = ω(G). In this paper we will show that box(G) ≤ χ(G) = ω(G) and this bound is tight. Since χ(G) ≤ d + 1, where d is the degeneracy of the graph, it follows that box(G) ≤ d + 1. Though it is known that in general box(G) ≤ χ(G 2 ), box(G) need not be always less than χ(G).
Preliminaries
Let G be a simple, finite, undirected graph on n vertices. The vertex set of G is denoted as V (G) and the edge set of G is denoted as E(G). Let G ′ be a graph such that
We define the intersection of two graphs as follows: if G 1 and G 2 are two graphs such that
. . , I k is called an interval graph representation of G. The following equivalence is well known.
Lemma 2.1. (Roberts [5] ) The minimum k such that there exists an interval graph representation of G using k interval graphs I 1 , I 2 , . . . , I k is the same as box(G).
The Proof
Let G(V, E) be a simple, finite, undirected permutation graph on n vertices. Let
Let the chromatic number of the graph χ(G) = k.
Special Coloring
Claim 1: There exists a k-coloring of G such that the color classes C 0 , C 1 , . . . , C k−1 satisfy the following properties:
Proof. Let C 0 , C 1 , . . . , C k−1 be the color classes of an arbitrary k-coloring of G. Let V 0 = V (G). We can get the color class C 0 using the following procedure:
Now let the color classes C 1 , C 2 , . . . , C k−1 be modified as follows.
It is easy to verify that C 0 is a maximal independent set in G. Now to get C 1 , we repeat the same procedure taking V 1 = V − C 0 in the place of V 0 and initializing C 1 = C 1 . The remaining color classes C 2 , . . . , C k−1 can be obtained in a similar way.
We shall construct one interval graph I j corresponding to each color class C j for 0 ≤ j < k. Let X j = C 0 ∪ C 1 ∪ . . . C j−1 where j > 0 and Y j = C j+1 ∪ C j+2 ∪ . . . C k−1 where j < k − 1. Also let C j = {u 1 , u 2 , . . . , u p } where p = |C j |. Without loss of generality we can assume that u 1 < u 2 < . . . < u p .
Proof. Note that C j forms an independent set. Therefore for all i, j such that 1 ≤ i < j ≤ |C j |, it follows that (u i − u j )(Π −1 (u i ) − Π −1 (u j )) > 0. Thus the claim follows.
Index Set
The index set Ind j (v) of a vertex v ∈ Y j with respect to the set C j is the set of indices of vertices in C j to which v is adjacent i.e. Ind j (v) = {t : 1 ≤ t ≤ |C j | and (v, u t ) ∈ E(G)}. Note that by Claim 1, Ind j (v) = ∅ for v ∈ Y j . For v ∈ Y j , minimum index l j (v) of v with respect to the set C j is defined to be min (Ind j (v)) and maximum index r j (v) with respect to the set C j is defined to be max (Ind j (v)).
Proof. Let l = l j (v) and r = r j (v). In view of the definition of l j (v) and r j (v) we need only to show that (v, u t ) ∈ E(G) for all t where l < t < r. We consider the following two cases
Claim 3: If x, y ∈ Y j (where x = y) and l j (y) > r j (x) + 1 then (x, y) / ∈ E(G).
Proof. Let l x = l j (x) and r x = r j (x). Also let l y = l j (y) and r y = r j (y). Assume that (r x + 1) < l y . Suppose for contradiction (x, y) ∈ E(G). We consider the following cases:
In both cases we have Π −1 (y) < Π −1 (x) < Π −1 (u rx+1 ) < Π −1 (u ry ). But since (y, u ry ) ∈ E(G) and Π −1 (y) < Π −1 (u ry ) we have y > u ry > u rx+1 . Hence (y, u rx+1 ) ∈ E(G). Therefore (r x + 1) ∈ Ind j (y) =⇒ (r x + 1) ≥ l y , a contradiction.
Case 2: When x > y. Then Π −1 (x) < Π −1 (y). If x < u lx then we have x < u rx+1 . On the other hand if x > u lx then we have Π −1 (x) < Π −1 (u lx ) since (x, u lx ) ∈ E(G). It follows that Π −1 (x) < Π −1 (u rx+1 ). Since (x, u rx+1 ) / ∈ E(G) we have x < u rx+1 . Thus in both cases we have y < x < u rx+1 . But since (y, u ry ) ∈ E(G) and y < u rx+1 < u ry we have Π −1 (y) > Π −1 (u ry ) > Π −1 (u rx+1 ). Hence (y, u rx+1 ) ∈ E(G). Therefore (r x + 1) ∈ Ind j (y) =⇒ (r x + 1) ≥ l y , a contradiction.
Interval Graph Construction
To define I j we map each vertex v ∈ V (G) to an interval on the real line by the mapping:
Lemma 3.1. For each interval graph I j where 0 ≤ j < k, E(G) ⊆ E(I j ).
Proof. Let (x, y) ∈ E(G). We consider the following cases Case 1: When x ∈ C j and y ∈ Y j . Let x = u i for some i where
Case 2: When x, y ∈ Y j . Without loss of generality we can assume that l j (x) ≤ l j (y).
When either x ∈ X j or y ∈ X j . Without loss of generality we can assume that
Proof. Let x ∈ C j where 0 ≤ j < k. We consider the following cases Case 1: When y ∈ C j . Let x = u q and y = u s . Now in I j , g j (x) = [q, q] and g j (y) = [s, s]. Since q = s we have (x, y) / ∈ E(I j ). Case 2: When y / ∈ C j . Let y ∈ C i . Without loss of generality we can assume that i > j and therefore y ∈ Y j . Let x = u q . By Claim 2, either q < l j (y) or q > r j (y). Recall that g j (x) = [q, q] and g j (y) = [l j (y) − 
Tightness of Theorem 3.3
Let G = ( n 2 )K 2 , the complement of the perfect matching on n vertices (We will assume that n is even). It is easy to see that this is a permutation graph. Since the chromatic number of this graph is n 2 , we have box(G) ≤ n 2 by Theorem 3.3. But it is known that box(G) = n 2 [5] . So the upper bound for boxicity given in Theorem 3.3 is tight for ( n 2 )K 2 .
